Quantum discord in spin-cluster materials by Yurischev, M. A.
ar
X
iv
:1
10
4.
12
76
v1
  [
qu
an
t-p
h]
  7
 A
pr
 20
11
Quantum discord in spin-cluster materials
Mikhail A. Yurischev∗
Institute of Problems of Chemical Physics of the Russian Academy of Sciences, 142432 Chernogolovka, Moscow Region, Russia
The total quantum correlation (discord) in Heisenberg dimers is expressed via the spin-spin corre-
lation function, internal energy, specific heat or magnetic susceptibility. This allows one to indirectly
measure the discord through neutron scattering, as well as calorimetric or magnetometric exper-
iments. Using the available experimental data, we found the discord for a number of binuclear
Heisenberg substances with both antiferro- and ferromagnetic interactions. For the dimerized anti-
ferromagnet copper nitrate Cu(NO3)2 · 2.5H2O, the three independent experimental methods named
above lead to a discord of approximately 0.2–0.3 bit/dimer at a temperature of 4 K. We also deter-
mined the temperature behavior of discord for hydrated and anhydrous copper acetates, as well as
for the ferromagnetic binuclear copper acetate complex [Cu2L(OAc)] · 6H2O, where L is a ligand.
PACS numbers: 03.65.Ud, 03.67.-a, 75.10.Jm, 75.50.Xx
I. INTRODUCTION
In the last years, it was understood that entanglement
does not exhaust all quantum correlations in a system.
Information correlations measured by entropy [1–3] were
placed at the forefront. The total amount of correlations
is identified with the mutual information I. The total
correlations may be divided into two parts: purely clas-
sical correlations C and purely quantum ones Q [4–6].
The quantum excess of correlations, Q = I−C, has been
called discord [5].
Note that the quantum discord has been evaluated
explicitly only for several families of two-particle states
(density matrices) [7–10].
It is remarkable that discord can exist even in separa-
ble (but mixed) states, i.e. when quantum entanglement
is identically equal to zero. An example of two-qubit sep-
arable state with nonzero discord Q = (3/4)log
2
(4/3) ≃
0.311 was given in Ref. [11]. Below, in our paper, we
will also discuss similar situations. As it turns out, “al-
most all quantum states have nonclassical correlations”
[12]. Thus, quantum discord is a different measure of
quantum correlation than entanglement.
As shown on the model of deterministic quantum com-
putation with one pure qubit (DQC1) [11, 13], quantum
discord can lead to a speedup over classical computation
even without containing much entanglement. Discord
can also detect the quantum phase transitions [14, 15].
Moreover, recently it has been shown [16] that in contrast
to the entanglement and other thermodynamical quanti-
ties, discord makes it possible to identify the quantum
phase transition points at finite temperatures (T > 0).
However, in order to utilize in practice the remark-
able properties of quantum discord it is necessary to find
methods to measure it experimentally. Our paper con-
cerns this important problem. For the two-qubit Heisen-
berg systems, we found the relations between discord and
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the ordinary spin-spin correlation function, as well as be-
tween discord and internal energy, specific heat or mag-
netic susceptibility. This allows one to determine the
behavior of quantum discord in various substances and
investigate its properties.
The remaining part of this paper is organized as fol-
lows. In Section 2, we describe the model and present
formulas for calculating the total, classical, and quantum
correlations. Here a comparison analysis is also made for
those correlations and the spin-spin correlation function
and for entanglement. Section 3 is devoted to expressions
of discord in terms of spin-spin correlation function, in-
ternal energy, specific heat, and magnetic susceptibility
which are measured by standard experiments. These ap-
proaches are used on the copper nitrate compound. In
this section we also present the temperature dependen-
cies for the discord in crystals of copper(II) acetate com-
plexes, which are excellent examples of dimeric materials.
The results obtained are briefly summarized in Section 4.
II. CORRELATIONS IN HEISENBERG DIMER
The Hamiltonian of a Heisenberg dimer reads
H = −
1
2
J~σ1~σ2, (1)
where J is the exchange coupling constant and ~σi =
(σxi , σ
y
i , σ
z
i ) the vector of Pauli matrices at the site i = 1
or 2. The magnetic moment components for the dimer
are
Mν =
1
2
gνµB(σ
ν
1
+ σν
2
), ν = x, y, z. (2)
Here, gν are the components of the g factor and µB is
the Bohr magneton.
The density matrix of a system in thermal equilibrium
has the Gibbs form
ρ =
1
Z
exp(−H/kBT ), (3)
2where kB is the Boltzmann constant and Z the parti-
tion function which is found from the condition Trρ = 1.
Performing necessary calculations for the system (1) one
arrives at
ρ(T ) =
1
4
(1+G~σ1~σ2) =
1
4


1 +G
1−G 2G
2G 1−G
1 +G


(4)
with
G(T ) = −1 +
4
3 + exp(−2J/kBT )
. (5)
It is easy to check that the quantity G equals the spin-
spin correlation functions,
G = 〈σx
1
σx
2
〉 = 〈σy
1
σy
2
〉 = 〈σz
1
σz
2
〉, (6)
where the brackets denote the statistical average. Values
of G range from −1 to zero for the antiferromagnetic
cluster (J < 0) and from zero to 1/3 for the ferromagnetic
one (J > 0).
The density matrix (4) has the form for which the
quantum discord is evaluated exactly [7]:
Q = I − C, (7)
where the mutual information equals
I =
1
4
[(1− 3G) log
2
(1− 3G)+ 3(1+G)log
2
(1+G)] (8)
and the classical part of the total correlations is
C =
1
2
[(1+|G|)log
2
(1+|G|)+(1−|G|)log
2
(1−|G|)]. (9)
Expressions (5), (7)–(9) define so-called thermal discord
[17–19].
Another type of quantum correlation in a system is the
entanglement of formation
E = −
1 +
√
1− C˜2
2
log
2
(
1 +
√
1− C˜2
2
)
−
1−
√
1− C˜2
2
log
2
(
1−
√
1− C˜2
2
)
, (10)
where concurrence C˜ for the ferromagnetic dimer com-
pletely vanishes, and for the antiferromagnetic one is
[20, 21]
C˜(T ) =
{
− 1
2
(1 + 3G), T < Te;
0, T ≥ Te.
(11)
Here the temperature Te is given by equation
kB
|J |
Te =
2
ln 3
= 1.8204 . . . . (12)
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FIG. 1: The temperature dependencies of correlations |G|,
Q, C, and E for the antiferromagnetic Heisenberg dimer.
According to Eqs. (7)–(12), quantum discord and entan-
glement are functionally related.
In Fig. 1 the temperature dependencies of |G|, E, Q,
and C, which describe different correlations in the anti-
ferromagnetic dimer are shown. (In an antiferromagnet,
the correlatorG ≤ 0 therefore we took its absolute value.)
It is seen that at T = 0 all correlations are maximal (sat-
urated)and equal to one. The correlations preserve prac-
tically the same value with a small increase of tempera-
ture. This is associated with the existence of a gap in the
energy spectrum of the discussed system. With a further
increase in temperature, all kinds of correlations mono-
tonically decrease. By this, the curves pass through the
inflection points where a convexity is changed to concav-
ity. Functions |G(T )|, Q(T ), and C(T ) are different from
zero for all temperatures T < ∞. When T → ∞, the
value of spin-spin correlations tends to zero as |G| ∼ 1/T ,
and the information correlations Q(T ) and C(T ) go to
zero more rapidly — according to the law 1/T 2.
From Fig. 1 it can be seen that at low temperatures the
entanglement E is larger than both Q and C. Because
E(T ) has the sudden disappear point at the temperature
Te, the curve E(T ) must intersect both Q(T ) and C(T ).
Coordinates of intersection points are
kBTQE/|J | = 0.5880 . . . ,
Q(TQE) = E(TQE) = 0.7462 . . . ≃ 0.75 (13)
and
kBTCE/|J | = 0.9260 . . . ,
Q(TCE) = E(TCE) = 0.3390 . . . . (14)
The phenomenon that in some situations the entangle-
ment can be larger that the total quantum correlations
has been pointed out in Ref. [7]. From our calculations,
it follows that by T 6= 0 discord is always greater than
classical correlation, and the latter may be both larger
and smaller than quantum entanglement.
At the temperature Te, entanglement in the antiferro-
magnetic dimer vanishes. On the other hand, the spin
30
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FIG. 2: Correlations G, Q, and C vs kBT/J in the ferromag-
netic Heisenberg dimer.
correlation G(Te) = −1/3, and the total entropy correla-
tions
Ie ≡ I(Te) = 1−
1
2
log
2
3 = 0.2075 . . . (15)
and discord
Qe ≡ Q(Te) =
1
2
log
2
3−
2
3
= 0.1258 . . . . (16)
Consider now a dimer with the ferromagnetic coupling
J > 0. At zero temperature, G = 1/3 and the density
matrix (4) is
ρ0 ≡ ρ(0) =
1
6


2
1 1
1 1
2

 = 1
6
[2(|00〉〈00|
+|11〉〈11|) + (|01〉+ |10〉)(〈01|+ 〈10|)]. (17)
Here {|00〉, |01〉, |10〉, |11〉} is the standard basis for the
two-qubit system. The state (17) is mixed because ρ2
0
6=
ρ0. At the same time, the state (17) is separable (i.e., the
entanglement E = 0). Indeed, a partial transposition of
ρ0 is
ρti
0
=
1
6


2 . . 1
. 1 . .
. . 1 .
1 . . 2

 . (18)
Eigenvalues of this matrix equal 1, 1, 1, and 3. All
these eigenvalues are positive. Consequently, in accor-
dance with the positive partial transpose (PPT) crite-
rion [22, 23], the state (17) is separable. Using formulas
(7)–(9) we find that the discord of a state (17) equals
Q0 = 1/3 ≃ 0.333. This value is larger than 0.311 for the
discord of the example from Ref. [11] mentioned above.
Let us look at Fig. 2. The figure shows the depen-
dencies of G, Q, and C versus temperature for the dimer
with the ferromagnetic coupling. Entanglement is absent
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FIG. 3: Discord as a function of G. Dashed vertical line
separates antiferro- and ferromagnetic regions.
in such a system. At zero temperature, the spin-spin cor-
relation reaches its maximal value G = 1/3. Here quan-
tum discord is also equal to 1/3. It is interesting that
the total classical correlations are now less than Q and
according to (9) equal only to
C0 ≡ C(0) =
5
3
− log
2
3 = 0.0817 . . . . (19)
Thus, the ratio of discord to classical correlation here
achieves the value Q0/C0 = 1/[5− 3log23] ≈ 4.0798 (c.f.
Ref. [24]).
At low temperatures all three types of correlations have
quasi-horizontal sections (“pedestals”). With increas-
ing temperature, the correlations pass through inflection
points and then decay asymptotically to zero. Curves
G(T ), Q(T ), and C(T ) do not at any point intersect with
one another.
Notice the following. In accordance with Eqs. (7)–(9),
the quantum discord Q is a function of G (see Fig. 3).
This function is monotonic both for the antiferromag-
netic and ferromagnetic dimers. Moreover, if G = 0 (ab-
sence of ordinary correlations) then also Q = 0 (absence
of any quantum correlations), when |G| is maximum (= 1
or 1/3) then Q takes the same maximum values. This al-
lows us to consider spin-spin correlation as a measure of
discord. This is similar to that of the concurrence as a
measure of entanglement [25, 26].
III. EXPERIMENTAL MEASUREMENTS OF
DISCORD
As mentioned above, discord has a number of attrac-
tive properties. Unfortunately, the question of how to
measure it experimentally is open. But in the case of
spin dimers, the information correlations I, C, and Q
can be expressed via the experimentally observed char-
acteristics of a system.
4A. Neutron scattering and discord
Inelastic scattering of thermal neutrons is a power-
ful tool for the study of low-energy excitations in crys-
talline transition-metal and other compounds. By this,
the Fourier components of spin pair-correlation function
are extracted from the scattering data ([27–29] and ref-
erences therein). Performing the inverse Fourier trans-
formation produces the correlation function itself.
The neutron scattering experimental results for the
quasi-dimer antiferromagnetic crystals of deuterated
copper(II) nitrate Cu(NO3)2 · 2.5D2O are presented in
Ref. [30] (see also [31]). (Notice that the deuteration
needed for performing the neutron scattering experi-
ments has no measurable effect on the exchange coupling
[32].) In the experiments with the copper nitrate, the
neutron scattering intensity was measured for the tem-
perature range 0.31 < T < 7.66 K. The temperature
Te is equal to about 5 K [31]. At T = 4 K, the spin-
spin correlation has the value G = −0.54(9) [33]. Using
Eqs. (7)–(9) we estimate the discord as Q = 0.3(1).
Note, in macroscopic systems, molar discord is Q =
NAQ (NA is the Avogadro number). However, we will
normalize discord per a dimer.
B. Internal energy and specific heat
The internal energy per a mole of dimers (1) is given
as
u(T ) = −
3RJ
2kB
G(T ), (20)
where R = kBNA is the universal gas constant. In turn,
the energy equals
u(T ) = u0 +
T∫
0
cm(T )dT, (21)
where cm(T ) is the magnetic part of specific heat (the
part after subtraction of lattice contribution from the
total heat capacity). The integration constant u0 in
Eq. (21) can be restored from the condition u(∞) = 0,
i.e.,
u0 = u(0) = −
∞∫
0
cm(T )dT. (22)
Therefore, we can get the correlation function G, from
calorimetric measurements, and then find the discord us-
ing the expression of Q via G.
On the other hand, the magnetic specific heat per mole
of dimers is given as [34]
cm(T ) = 12R
(
J
kBT
)2
exp(2J/kBT )
1 + 3 exp(2J/kBT )
. (23)
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FIG. 4: Relation of specific heat cm/R and correlation G.
Dashed vertical line separates antiferro- and ferromagnetic
regions. Points G = −1 and G = 1/3 correspond to the
temperature T = 0 and G = 0 to the T = ∞.
This function exhibits a maximum (a Schottky-like
anomaly). For the ferromagnetic coupling, J > 0, its
coordinates are
kBTmax/J = 0.9259 . . . , c
max
m /R = 0.1663 . . . , (24)
and for the antiferromagnetic one, J < 0,
kBTmax/|J | = 0.7029 . . . , c
max
m /R = 1.0234 . . . .
(25)
Using Eq. (5) we can rewrite expression for the specific
heat of Heisenberg dimers in the following forms:
cm(T ) =
3R
4
(
J
kBT
)2
(1 +G(T ))(1− 3G(T )) (26)
and, especially remarkably,
cm/R =
3
16
(1 +G)(1 − 3G) ln2
(
1 +G
1− 3G
)
. (27)
These relations can be used to extract the correlation G
directly from specific-heat measurements. The behavior
of cm/R versus G is shown in Fig. 4.
Consider as an example copper nitrate
Cu(NO3)2 · 2.5H2O. Its specific heat was measured
for the temperature range 0.5 − 4.2 K [35] (see also [36]
and references therein). At temperatures below 0.5 K,
specific heat is zero. Near 1.82 K it has the maximum
value of 2× 0.51R. At higher temperatures, specific heat
decreases obeying at T ≥ 4 K the asymptotical law [35]
cm/2R = 3.3/T
2. (28)
The value of the exchange constant has been estimated
as 2J/kB = −5.18 K [35].
We have numerically integrated the available exper-
imental data from zero to 4 K. Taking u(0)/R =
3J/2kB = −3.885 K we determined that at T = 4 K
5the internal energy is u(4)/R = −1.63 K and hence
G(4) ≃ −0.42 [see Eq. (20)]. Consequently, according
to the calorimetric data, the discord in the given binu-
clear cluster material at the temperature of 4 K equals
Q = 0.19. This value can be considered to be reason-
ably in agreement with the estimate obtained from the
neutron scattering measurements.
Note that the integration of function (28) from 4 K to
infinity leads to u(4)/R = −1.65 K. Hence, G(4) ≃ −0.42
and we again return to the above result for the discord.
On the other hand, according to Eq. (28) the specific
heat at 4 K is cm(4)/R = 0.4125. Solving the transcen-
dental equation (27) and taking into account that the
temperature 4 K is larger than the maximum tempera-
ture Tmax = 1.82 K, we find G ≃ −0.4 (see Fig. 4). Then
Q ≃ 0.18.
C. Magnetic susceptibility
Molar magnetic susceptibility of Heisenberg dimers
satisfies the Bleaney-Bowers equation [34, 37]
χ(T ) =
NA g
2µ2B
2kBT
(1 +G(T )). (29)
Here, g is the corresponding component of the Lande´ fac-
tor when the measurements are made on a single crystal
or
g2 =
1
3
(g2x + g
2
y + g
2
z) (30)
if the measurements are performed on a polycrystalline
(powdered) sample.
For the antiferromagnetic coupling (J < 0), the
Bleaney-Bowers susceptibility displays a maximum with
coordinates
kBTmax
|J |
=
2
1 +W (3/e)
= 1.2472 . . . , (31)
|J |χmax
NAg2µ2B
=
1
3
W (3/e) = 0.2011 . . . . (32)
Here W (x) is the Lambert function defined by the
equation WeW = x. This function under the name
LambertW(x) was included in the Maple package.
From Eq. (29), we get the spin correlation function
G(T ) =
2kBTχ(T )
NAg2µ2B
− 1. (33)
That is
G(T ) = −1 +
1
2
χ(T )/χ0(T ), (34)
where
χ0(T ) =
NA g
2µ2B
4kBT
(35)
is the Curie law for the paramagnetic ions. Hence, one
can indirectly measure the discord by performing mag-
netometric measurements.
Note that the Bleany-Bowers susceptibility is related
to the internal energy (20) as
u(T ) = −3NAJ
(
kBT
NAg2µ2B
χ(T )−
1
2
)
. (36)
Consequently, the magnetic specific heat is
cm(T ) = −
3kBJ
g2µ2B
∂Tχ(T )
∂T
. (37)
Moreover, inserting (33) into equation (27) we obtain an
expression for the specific heat cm/R trough the magnetic
susceptibility without differentiation.
We analyze, in the third instance, the sample with
the copper nitrate compound. The magnetic susceptibil-
ity of Cu(NO3)2 · 2.5H2O at low temperatures has been
measured in Ref. [38]. The susceptibility of the powder
has a rounded maximum at 3.2 K where it is equal to
2× 0.065 emu/mol. For the model of binary clusters and
isotropic exchange, the authors [38] found from the data
that −J/2kB = 1.28 K and g = 2.11. Using the exper-
imental points presented in their figures (see Ref. [38])
and taking into account our normalizations per a mole of
dimers, we found that at T = 4 K the powder magnetic
susceptibility is χ = 2 × 0.063 = 0.126 emu/mol. Then,
Eq. (33) yields G(4) = −0.396. As a result, the discord
is Q = 0.17. This estimate agrees more or less with the
values obtained above from the neutron scattering data
and heat capacity measurements. Some discrepancy can
be attributed to experimental errors and especially to the
fact that the copper nitrate is only quasi-dimeric.
We will now move on to other compounds, which be-
long to the pronounced binuclear materials.
1. Antiferromagnetic substances
Let us consider classical examples of spin- 1
2
Heisen-
berg dimeric materials — crystals of copper(II)
acetates, [Cu(CH3COO)2 ·H2O]2 (hydrated) and
[Cu(CH3COO)2]2 (anhydrous). Their magnetic suscep-
tibility study has a long history beginning in 1915 and
continuing into the present day [39–43]. Experimental
results between 90 and 400 K are given in table form in
[40]. The data have been described by the Bleany-Bowers
equation with the fitted parameters 2J/kB = −408 K,
g=2.13 for the copper(II) acetate monohydrate and
2J/kB = −432 K, g=2.17 for the anhydrous copper(II)
acetate [40].
Using Eqs. (7)–(9), (34) we obtained experimental
points for the discord in both compounds. Results are
presented in Fig. 5. Theoretical curves we plotted, taking
the corresponding estimates for the coupling constants
J/kB and using Eqs. (5), (7)–(9).
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FIG. 5: Thermal quantum discord in the hydrated (−•−) and
anhydrous (−◦−) copper(II) acetates.
We will now discuss the different domains in Fig. 5.
According to Eq. (13) the points which are higher than
the level Q ≃ 0.75 belong to the region where entangle-
ment E > Q. However, at temperatures T > 120−127 K,
the discord becomes larger than the entanglement in both
compounds. The temperatures of 371 K and 393 K that
are marked on the abscissa axis by the longer bars are the
points of sudden disappearance of entanglement in hy-
drated and anhydrous copper(II) acetates, respectively.
At higher temperatures, the entanglement is zero. Near
400 K, the discord is 11 − 12% of the maximum value
Q(0) = 1.
2. Ferromagnetic compound
Entanglement in the ferromagnetic Heisenberg dimer
is absent, but the discord is not zero.
We found in the recent literature the exper-
imental data for the ferromagnetic dimer mate-
rial — the binuclear copper(II) acetate complex
[Cu2L(OAc)] · 6H2O, where H3L=2-(2-hydroxyphenyl)-
1,3-bis[4-(2-hydroxyphenyl)-3-azabut-3-enyl]-1,3- imida-
zolidine [44]. Magnetic susceptibility measurements for
it have been performed between 5 and 300 K. Taking into
account the crystal structure of this compound, the sus-
ceptibility data have been fitted to the Bleany-Bowers
equation. The best least-squares fit has been obtained
with the parameters J/kB = 35.4 K and g = 2.13 [44].
At lowest measured temperatures near 5 K, the experi-
mental points drop out from the theoretical dependence.
This may be ascribed to the influence of weak interdimer
couplings.
Using Eqs. (5), (7)–(9), and (34) we obtained from
magnetic data the temperature behavior for the discord
shown in Fig. 6. Maximal discord, Q ≈ 0.32, is achieved
near 13 K. At the temperature T = 300 K, the product
χT = 0.89 cm3K/mol [44]. This leads to the discord
Q ≈ 0.003, i.e. about 1% relative to the theoretical limit
of 1/3.
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FIG. 6: Quantum discord against the temperature in the
ferromagnetic compound [Cu2L(OAc)] · 6H2O.
IV. CONCLUSIONS
We have related the quantum discord in binuclear spin
clusters to the scattering data, as well as to the basic
responses of a system to external perturbations — ther-
mal and magnetic. This makes it possible to measure the
discord in various magnetic substances.
In this paper, we have done a comparison analysis for
the temperature behavior of discord, classical correla-
tions, entanglement, and spin-spin correlation function
in the two-qubit Heisenberg systems. We have shown
that in the case of antiferromagnetic interactions, entan-
glement can be both larger and smaller than the discord
or classical correlations. Discord and classical correla-
tions can be present when entanglement is absent. This
is observed both in antiferro- and ferromagnetic dimers.
By T 6= 0, the discord is always larger than the classical
correlations.
We have presented the temperature dependencies of
discord for different solid-state dimeric materials with
antiferro- and ferromagnetic couplings.
In the current literature, the transfer of quantum cor-
relations from one system to another is intensively dis-
cussed (e.g., [45–47] and references therein). In particu-
lar, several schemes for extracting the entanglement from
solids have been reported. With respect to discord, its
dynamical behavior under the quantum state transfer, for
example, between semiconductor double-dot molecules
and photons is being studied now [48].
ACKNOWLEDGMENT
I am grateful to E. I. Kuznetsova for her help in the
work.
This research was partially supported by the programs
Nos. 18 and 21 of the Presidium of RAS.
7[1] G. Lindblad, Commum. Math. Phys. 33, 305 (1973).
[2] C. Adami and N. J. Cerf, Phys. Rev. A 56, 3470 (1997).
[3] A. S. Holevo, Quantum Systems, Channels, Information,
MTsNMO, Moscow (2010) [in Russian].
[4] I. Henderson and V. Vedral, J. Phys. A: Math. Gen. 34,
6899 (2001).
[5] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901
(2002).
[6] V. Vedral, Phys. Rev. Lett. 90, 050401 (2003).
[7] S. Luo, Phys. Rev. A 77, 042303 (2008).
[8] F. F. Fanchini, T. Werlang, C. A. Brasil, L. G. E. Arruda,
and A. O. Caldeira, Phys. Rev. A 81, 052107 (2010).
[9] M. Ali, A. R. P. Rau, and G. Alber, Phys. Rev. A 81,
042105 (2010); M. Ali, J. Phys. A: Math. Gen. 43, 495303
(2010).
[10] D. Girolami and G. Adesso, arXiv: quant-ph/1103.3189.
[11] A. Datta, A. Shaji, and C. M. Caves, Phys. Rev. Lett.
100, 050502 (2008).
[12] A. Ferraro, L. Aolita, D. Cavalcanti, F. M. Cucchietti,
and A. Ac´ın, Phys. Rev. A 81, 052318 (2010).
[13] B. P. Lanyon, M. Barbieri, M. P. Almeida, and
A. G. White, Phys. Rev. Lett. 101, 200501 (2008).
[14] R. Dillenschneider, Phys. Rev. B 78, 224413 (2008).
[15] M. S. Sarandy, Phys. Rev. A 80, 022108 (2009).
[16] T. Werlang, C. Trippe, G. A. P. Ribeiro, and G. Rigolin,
Phys. Rev. Lett. 105, 095702 (2010).
[17] T. Werlang and G. Rigolin, Phys. Rev. A 81, 044101
(2010).
[18] Wang Qiong, Liao Jie-Qiao, and Zeng Hao-Sheng, Chin.
Phys. B 19, 100311 (2010).
[19] A. K. Pal and I. Bose, arXiv: quant-ph/1012.0650.
[20] M. A. Nielsen, Ph.D thesis, University of New Mexico,
1998; arXiv: quant-ph/0011036.
[21] M. C. Arnesen, S. Bose, and V. Vedral, Phys. Rev. Lett.
87, 017901 (2001).
[22] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
[23] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Lett. A 223, 1 (1996).
[24] F. Galve, G. L. Giorgi, and R. Zambrini, Phys. Rev. A
83, 012102 (2011).
[25] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022
(1997).
[26] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[27] D. A. Tennant, S. E. Nagler, A. W. Garrett, T. Barnes,
and C. C. Torardi, Phys. Rev. Lett. 78, 4998 (1997).
[28] J. T. Haraldsen, T. Barnes, and J. L. Musfeldt, Phys.
Rev. B 71, 064403 (2005).
[29] M. B. Stone, W. Tian, M. D. Lumsden et al., Phys. Rev.
Lett. 99, 087204 (2007).
[30] G. Xu, C. Broholm, D. H. Reich, and M. A. Adams,
Phys. Rev. Lett. 84, 4465 (2000).
[31] Cˇ. Brukner, V. Vedral, and A. Zeilinger, Phys. Rev. A
73, 012110 (2006).
[32] H. U. Gu¨del, A. Stebler, and A. Furrer, Inorg. Chem. 18,
1021 (1979).
[33] This value follows from the estimates J1 = 0.442(2) meV
and −J1〈S0 · Sd1〉/3 = 0.06(1) meV [30] and the relation
G = 4〈S0 · Sd1〉/3.
[34] R. L. Carlin, Magnetochemistry , Springer-Verlag, Berlin
(1986).
[35] S. A. Friedberg and C. A. Raquet, J. Appl. Phys. 39,
1132 (1968).
[36] J. C. Bonner, S. A. Friedberg, H. Kobayashi, D. L. Meier,
and H. W. J. Blo¨te, Phys. Rev. B 27, 248 (1983).
[37] B. Bleaney and K. D. Bowers, Proc. Roy. Soc. (London)
A 214, 451 (1952).
[38] L. Berger, S. A. Friedberg, and J. T. Schriempf, Phys.
Rev. 132, 1057 (1963).
[39] B. C. Guha, Proc. Roy. Soc. (London) A 206, 353 (1951).
[40] B. N. Figgis and R. L. Martin, J. Chem. Soc. (London),
3837 (1956).
[41] A. K. Gregson, R. L. Martin and S. Mitra, Proc. Roy.
Soc. (London) A 320, 473 (1971).
[42] A. Elmali, Turk. J. Phys. 24, 667 (2000).
[43] V. B. Kopylov and E. V. Sergeev, Pis’ma v Zh. Tekhn.
Fiz. 33, 87 (2007) [Techn. Phys. Lett. 33, 670 (2007)].
[44] M. Fondo, A. M. Garc´ıa-Deibe, J. Sanmartin et al., Eur.
J. Inorg. Chem., 3703 (2003).
[45] G. De Chiara, Cˇ. Brukner, R. Fazio, G. M. Palma and
V. Vedral, New J. Phys. 8, 95 (2006).
[46] E. Togan, Y. Chu, A. S. Trifonov et al., Nature 466, 730
(2010).
[47] V. N. Gorbachev and A. I. Trubilko, Zh. E´ksp. Teor. Fiz.
138, 616 (2010) [J. Exp. Theor. Phys. 111, 544 (2010)].
[48] Pei Pei, Chong Li, Jian-sen Jin, and He-shan Song, arXiv:
quant-ph/1011.2252.
